MANUSCRIPT
Introduction
Let be a commutative Banach algebra and Φ its spectrum. Then for each ϕ, ψ ∈ Φ ∪ {0}, is an -bimodule with the following actions
this module is denoted by ϕ,ψ and we write ϕ for ϕ,ϕ . Each one-dimentionalbimodule has the form ϕ,ψ for some ϕ, ψ ∈ Φ ∪ {0}. Let be an algebra, and let he an -bimodule. Then is symmetric (or commutative) if . = . , ( ∈ , ∈ ).
For example, the -himodule ϕ,ψ is symmetric if and only if ϕ = ψ. A linear functional on is a point derivation at ϕ if
( ) = ϕ( ) ( ) + ϕ( ) ( ), ( , ∈ ).
The definition of a (ϕ, ψ)-derivation is derived from the definition of a point derivation (see [2] , Proposition 1.8.10). It is known that each derivation on a commutative and semi-simple Banach algebras (commutative * -algebras) is zero ( [5] , Corollary 2.2.3 and Corollary 2.2.8), but we can study (ϕ, ψ)-derivations on such algebras.
In Section 2, Theorem 2.2, is an extention of ( [2] , Theorem 2.8.63). Indeed, we show that if is a weakly amenable commutative Banach algebras, ϕ ∈ ( ) is onto and is a Banach -bimodule with the property that " . ≠ 0 ⇔ . ≠ 0" ( ∈ , ∈ ), then each ϕ-derivation from to is zero. In Theorem 2.5, we prove that each * -algebra which has a separating family of normal tracial states is commutative.
In Section 3, we survey about Johnson's theorem for Jordan (ϕ, ψ)-derivations on abelian * -algebras. Indeed, we show that every bounded Jordan (ϕ, ψ)-derivation from a commutative * -algebra into a Banach ℬ − -bimodule is a (ϕ, ψ)-derivation.
In Section 4, Theorem 4.4, we prove that each (ϕ, ψ)-derivation on finite von Neumann algebra ℳ, is (ϕ, ψ)-inner, this is an extention of ( [4] , Theorem 4.1.6). We introduce the concept of (ϕ, ψ)-finite von Neumann algebras and we use Theorem ??, to prove that every (approximately) 2-local (ϕ, ψ)-derivation on finite and (ϕ, ψ)-finite von Neumann algebras with condition { Δ( + ) − Δ( ) − Δ( ) * } ⊆ ψ(ℳ), is a (ϕ, ψ)-derivation.
(ϕ, ψ)-derivations
Suppose that , ℬ, are Banach algebras and let ϕ ∈ ( , ℬ), ψ ∈ ( , ) 1 and let be a Banach ℬ − -module 2 .
, denote the set of all continuous (ϕ, ψ)-derivations from to and let  ϕ,ψ ( , ), denote the set of all inner (ϕ, ψ)-derivations from to . The first cohomology group 1 ϕ,ψ ( , ) is defined to be the quotient space  1
In the case that ϕ = ψ, we use the notations
(ii) If is commutative and ϕ(ℬ) = , then  1 ( , ) = {0} for each Banach -bimodule with following condition
If , ℬ are Banach algebras and ϕ ∈ ( , ℬ), then ℬ is an -bimodule with actions
2 If ℬ, are Banach algebras, then is a Banach ℬ − -module, if it is a left Banach ℬ-module and right Banach -module. Clearly it satisfy the following condition
Certainly is a continuous linear map and since
),
Therefore is not ϕ-inner derivation, but ℋ 1 ϕ (ℬ, * ) = {0}. (ii) Assume that ∈  1 ( , ) with ≠ 0, the partition (i) and equality ϕ(ℬ) = , implies that ϕ(ℬ 2 ) = ϕ(ℬ) and
Since is a closed linear subspace of and ϕ( 0 ). ′ ( 0 ) ∉ there is a ∈ * such that | ≡ 0 and (ϕ( 0 ).
• ′ is a ϕ-inner derivation) and we
Which is impossible. REMARK 2.3. Let in condition ( ) of Theorem 2.5, be a subalgebra of ℬ and we have 2 = . then by changing condition ℋ 1 (ℬ, * ) = {0} with ℋ 1 ( , * ) = {0}, the proof is still valid. REMARK 2.4. Let ℬ be a unital * -algebra, ∈ ℬ and let = * ( , 1 ℬ ) be the * -algebra generated by { , 1 ℬ } and let be a Banach ℬ-bimodule. If  ∶ ℬ → be the restriction mapp 3 from ℬ to , then is a Banach -bimodule with the following actions
amd for each ∈  1 (ℬ, ), we have
Now since every * -algebra is weakly amenable 4 we have
On the other hand for any ∈ ℬ,
. If ∶ ℬ → ℬ be a derivation, then it follows by 2.2 that • = 0, therefore ≡ 0. So there is no every where defined nonzero derivation on * -algebras. THEOREM 2.5. Let ℳ be a Banach algebra which has a separating family of normal tracial states and let be a weakly amenable Banach subalgebra of ℳ and let ℳ 2 = ℳ. Then each derivation from to ℳ is zero.
PROOF. Let be a non-zero derivation from to ℳ. Since ℳ 2 = ℳ ([2], 2.8.63), there is an element ∈ ℳ such that ( 2 ) ≠ 0. It follows that . ( ) + ( ). ≠ 0. Since there is a separating family of normal tracial states on ℳ, so for some normal tracial state on ℳ we have
It follows by closed graph theorem that is bounded. And so = • ∈  1 ( , * ). Indeed
Now since ℋ 1 ( , * ) = {0} (each * -algebra is weakly amenable), there is a ∈ * such that • ( ) = [ , ] and we have
This is a contradiction. So ≡ 0.
Jordan (ϕ, ψ)-Derivations on * -algebras
Let ϕ ∈ ℋ 1 ( , ℬ) and ψ ∈ ℋ 1 ( , ). A linear map from a Banach algebra to a Banach ℬ − -bimodule as called a Jordan (ϕ, ψ)-derivation proved that PROOF. Clearly is a Banach ℳ-bimodule with the following actions
Therefore is a bounded Jordan derivation from ℳ to a unital Banach ℳ-bimodule . It follows from ([3], Lemma 2.1) that is a derivation from ℳ to . Equivalently is a bounded linear mapping which satisfy the following condition
So is a bounded linear mapping which satisfies the following condition
Hence as a bounded (ϕ, ψ)-derivation 
Will also satisfy
The projective tensor product ⊗ ℬ is a unital − ℬ-bimodule with the following actions
And so ( ⊗ ℬ) * is a unital ℬ − -bimodule with the following actions
To each bounded trilinear map ∶ × × ℬ → ℂ which satisfies the relation (3.1), we associate a bounded linear map ∶ → ( ⊗ ℬ) * by the following definition
Now we show that is a bounded Jordan (ϕ, ψ)-derivation.
Therefore ( 2 ) = ( ).ψ( ) + ϕ( ). ( ), ( ∈ ). So is a bounded Jordan (ϕ, ψ)-derivation and by hypothesis, is a (ϕ, ψ)-derivation and we have
( ) ⇒ ( ) Let be a unital Banach ℬ − -bimodule and ∶ → be a bounded Jordan (ϕ, ψ)-derivation.
We associate to each ∈ * , the bounded trilinear form
and we have
Therefore satisfy the condition (3.2), and so it satisfy the condition (3.3) and we have
Therefore ( ∈ * ) satisfy the condition (3.2), and so it satisfy the condition (3.3) and we have
Hence is a (ϕ, ψ)-derivation. PROOF. We prove ths lemma only for approxmately 2-local (ϕ, ψ)-derivations o Baach algebras.
(i) For each ∈ ad πℂ, there iexists a sequece of (ϕ, ψ)-derivations { , } such that
PROOF. We conclude from Lemma 3.6 that each additive 2-local (ϕ, ψ)-derivation Δ from a * -algebra to a Banach ℬ − -bimodule is linear and satisfies Δ( 2 ) = Δ( ).ψ( ) + ϕ( )Δ( ) for any ∈ , so Δ is a (ϕ, ψ)-derivation. PROOF. Let ℳ be the group of all unitary elements in ℳ. For ∈ ℳ, put
Main Theorems
. Let Δ be the set of all non-empty (ℳ, ℳ * )-closed convex sets in ℳ satisfying the following conditions
Therefore Δ is on-empty. Define an order in Δ by the set inclusion. Let ∈ be linearly ordered decreasing subsets in Δ. Then ⋂ ∈ ∈ Δ, because ( ∈ ) is compact (Arzela Ascoli). Hence there is a minimal element 0 in Δ by Zorns lemma.
If , ∈ 0 , then − ∈ 0 ∖ 0 and for ∈ ℳ , we have
Hence 0 ∖ 0 is invariant under the mapping ) ⩽ − 0 , and so = sup ∈ 0 ( ) ⩽ − 0 which is impossible. Since ( ( )) ⩽ , ( ( )) ⩽ we have
It follows from the last two equalities that
Hence 0 consists of only one elemente 0 . Since each element of ℳ is a finite linear combination of unitary elements in ℳ, 5 we have
5 If is a * -algebra and ∈ be such that ‖ ‖ ⩽ 1, Then = + where , ∈ are self-adjoint elements and given by
We can decompose b and c as
where , , , are unitary and given by It follows that Δ is an additive 2-local (ϕ, ψ)-derivation, and Lemma 3.7 implies that Δ is a bounded Jordan (ϕ, ψ)-derivation. 
